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  Abstract— Fault tolerance for a class of non linear 
systems is addressed based on the velocity of their output 
variables. This paper presents a mapping to minimize the 
possible jump of the velocity of the output, due to the actuator 
failure. The failure of the actuator is assumed as actuator lock. 
The mapping is derived and it provides the proper input 
commands for the healthy actuators of the system to tolerate the 
effect of the faulty actuator on the output of the system. The 
introduced mapping works as an optimal input reconfiguration 
for fault recovery, which provides a minimum velocity jump 
suitable for static nonlinear systems. The proposed mapping is 
validated through different case studies and a complementary 
simulation. In the case studies and the simulation, the mapping 
provides the commands to compensate the effect of different 
faults within the joints of a robotic manipulator. The new 
commands and the compare between the velocity of the output 
variables for the health and faulty system are presented.  
 
 
 
 Index Terms - Fault tolerant systems, optimal fault recovery, 
nonlinear systems, and fault accommodation. 
 
 
I.  INTRODUCTION 
 Systems in nuclear disposal and hazardous chemical 
processes are required to be fault tolerant. Even any other 
automated system which requires high dependability such as 
aircraft needs to be fault tolerant examples of these systems 
can be seen in [1][2][3]. In fault tolerant systems, based on the 
failure analysis, two questions are commonly investigated. 
The first is how to design a fault tolerant system form the 
structure and components point of view and the second is how 
to control a system to be fault tolerant. Both answers 
contribute to maintaining the dependability [5] even if a 
partial fault occurs in the actuators or the sensors [12] of the 
system. If a system is given then the focus is on fault tolerant 
control [6], which includes failure analysis [9], fault detection, 
fault isolation, fault identification [7] [8] and fault recovery 
techniques [10]. Various methods from model based [4] to AI 
approach [11] have been deployed in the control level through 
the literature of fault tolerant system. In this paper the focus is 
to control the velocity of the output variable through an 
optimal input reconfiguration strategy.  
 
A fault tolerant system should continue its task with a 
minimum jump into its desired behaviour even if a failure 
occurs into its components, such as actuator/s lock [11][12] or 
sensor/s lost [13].  If the system has multiple inputs and if the 
controller of a system works effectively then the proper input 
commands are provided by the controller. The controller 
assumes that all actuators are working. These inputs provide 
the desired output profile for the system. 
 
The focus of this paper is on actuator failures. It is 
assumed that a system has multiple inputs which brings some 
sort of redundancies unless in specific cases. For these 
systems it is beneficial to compensate the effect of a faulty 
actuator by reconfiguring the other actuator. This means that 
the contribution of the faulty actuator prior to the fault time 
has to be compensated by the proper commands for other 
available and healthy actuators. The problem is more 
challenging if an optimal strategy is required. In nonlinear 
system it is very hard to find this mapping through direct 
input-output model because of its complexity [8] [10]. The 
main objective of this research is to recover the lack of 
contribution of the locked actuator to maintain the rate of the 
output (velocity of the output) by the optimal reconfiguration 
of the other inputs. It is indicated that it helps efficiently to 
maintain the output.  
 
The paper is organized as follows. After the introduction 
in section I, static nonlinear systems are introduced and locked 
actuator failures are modelled within the Jacobian of these 
systems in section II. Then in section III the jump into the 
velocity vector of the output is calculated and it is minimized 
and the mapping is derived through this minimization. The 
mapping provides a framework which is used for different 
case studies on any single joint failure of a 5DOF robotic 
manipulator in section IV.  Also in section V, it has been used 
for the 5DOF robotic manipulator to tolerate the failure of one 
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of its joint to maintain a given trajectory.  Finally some 
concluding remarks are provided in section VI. 
 
II. MODELING OF ACTUATOR FAULTS 
A. Basic Definition 
 
A static nonlinear system is identified by Eq.(1). The 
input vector defines the input space Eq.(2) and output vector 
defines the workspace of the system Eq.(3). An example of 
these systems is a robotic manipulator where the inputs vector 
is the joint angles and the output vector is position and 
orientation of the end-effector (EEF) of the manipulator.  
 
)(ufY           Eq.(1) 
> @Tnuuuu ....21       Eq.(2) 
> @TmyyyY ...21       Eq.(3) 
)(1 Yfu           Eq.(4) 
 
where n is the input space dimension and m is the output space 
or workspace. Eq.(4) is the inverse of the system which is 
hard to obtain. 
 
B. Jacobian and locked actuator 
 
As the system is static therefore the Jacobian of the static 
nonlinear systems indicated by Eq.(5) is a local linear model 
for a static nonlinear systems in Eq.(1). Jacobian relates the 
velocity of the output vector to the velocity of the input vector 
by Eq.(6).   
 
mnu
fG »¼
º
«¬
ª
w
w          Eq.(5) 
uGY             Eq.(6) 
 
where G is m by n matrix and if Gk in Eq.(7) is the kth column 
of G. Physically each column indicates the contribution of the 
corresponding actuator velocity into the velocity of the output 
variables of the system.  
 
> @mnnkkk GGGGGGG ....... 1121   Eq.(7) 
 
When the system has a fault within its kth actuator; this 
actuator does not contribute into the velocity of the output of 
the system. Therefore the Jacobian of the system under a 
locked actuator failure is introduced by replacing a 0 vector in 
its kth column of the original Jacobian. This Jacobian is called 
a reduced Jacobian which is a local linear model for the 
system as it is indicated in Eq.(8).  
 
> @nkk GGGGG .0.. 1121    Eq.(8) 
 
Simply the matrix in Eq.(8) means that the kth input does not 
contribute into the output of the system. Using this property 
the Jacobian equation for system under fault constraint is 
reformulated as Eq.(9).  
 
uGY kk            Eq.(9) 
 
where      
 
> @nkkk GGGGGG .... 1121   Eq.(10) 
> @Tnkkk uuuuuu  .... 1121     Eq.(11) 
ku  is the velocity of the k
th input 
 
The index on top left indicate that the kth column of the matrix 
or kth element of the vector has been removed. 
we call Gk  as kth reduced Jacobian matrix. For single actuator 
failure there are n reduced Jacobian matrices as indicated in 
Eq.(12). 
 
^ `GGG n,...,, 21             Eq.(12) 
 
In this paper the k is an arbitrary number between 1 to n. 
 
 
III. OUTPUT VELOCITY JUMP DUE TO ACTUATOR FAILURE  
A. Single actuator fault  
 
If a sudden fault occurs into the kth actuator of the system 
when it moves with velocity ku ; then the fault can be 
modelled as Eq.(15).  
 
))(( uuGGYY  '' '      Eq.(15) 
Y'  : output velocity jump 
G'  : Jacobian perturbation due to actuator failure 
u' : input velocity change 
 
If the kth actuator is locked then the perturbations is modelled 
by Eq.(16)-Eq.(17).  
 
> @0......0 kGG  '     Eq.(16) 
> @Tkuu 0......0   '     Eq.(17) 
ku  the velocity of the k
th actuator prior to the fault time. 
 
Assuming U~ as the compensating actuator velocity command 
and adding this to Eq.(15) results in Eq.(18).  
 
  )~)(( UuuGGYY '' '   Eq.(18) 
 
Using Eq.(6) in Eq.(18) provides  
 
UGGuGuGGY ~)()( '''' '    Eq.(19) 
 
Considering that GG ' is a matrix with zero vector at the kth 
column, and u'  is a vector which contains zero elements 
unless in the kth element Eq.(19) therefore 0)(  '' uGG   
and using this in Eq.(19) results in Eq.(20). 
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UGGuGY ~)( '' '       Eq.(20) 
 
Using Eq.(16) into Eq.(20) provides Eq.(21) 
 
UGGuGY kk
~)( ' '      Eq.(21) 
 
This is the output jump which has been obtained from two 
components the lost contribution of the faulty joint kkuG   
plus the effort to compensate the jump which is UGG ~)( ' . 
 
B. Optimal reconfiguration 
 
The optimal velocity jump can be obtained by minimum 
norm of the velocity jump. The norm of Eq.(21) is:  
 
^ ` ^ `UGGuGUGGuG
YYY
kk
T
kk
T
~)(~)(
2
''
 '' '

   Eq.(22) 
 
In the optimal case when 0 'Y  then the compensating input 
is required to satisfy Eq.(23). 
 
kkuJUGG  '
~)(        Eq.(23) 
 
Using the reduced Jacobian Eq.(9) and defining  following 
input vector then Eq.(23) is written as Eq.(25) 
 
> @Tnkkk UUUUUU ~...~~...~~~ 1121     Eq.(24) 
 
kk
kk uGUG  ~         Eq.(25) 
where Uk ~  is a vector with n-1 elements. 
 
  Optimal solution of Eq.(25) provides the concept of 
mapping. A zero velocity jump occurs when the loss of the 
contribution of the faulty actuator kkuG   is equal to the 
contribution of the compensating actuator velocities which is 
applied by the healthy actuators. The optimal solution is 
obtained by the Penrose-Moore or pseudo inverse solution of 
Eq.(25) which results in Eq.(26) 
 
  
kk
koptk uGGU †)(~       Eq.(26) 
Where pseudo inverse matrix is defined as Eq.(27) 
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           Eq.(28) 
 
Finally the control command vector Eq.(29) is obtained  by 
adding a zero in the kth row of the kU~  which will give U~ . 
Using this optimal U~  in Eq.(21) gives the velocity jump 
which is the minimum possible jump. 
 
> @Toptnkoptkkoptkkoptkopt UUUUU 111 ~...~0~...~~     
           Eq.(29) 
 
The mapping was derived in Eq.(26) and the optimal 
reconfiguration for the input of the systems is indicated by 
Eq.(29). To validate this reconfiguration for some 
instantaneous scenarios are provided and then after it is used 
for an output profile of a robotics manipulator in next two 
sections. 
 
 
IV. – SINGLE ACTUATOR FAULT OF A 5-DOF ROBOT 
A 5-DOF spatial system with D-H parameters indicated in 
Table 1 is modelled using MATLAB Robotic Toolbox [14]. 
Different fault scenarios have been assumed within the joints 
of this manipulator which is equivalent to their actuator 
failure. Table 2 indicates the manipulator configuration 
parameters just prior to the fault time. The manipulator’s end 
effector (EEF) velocity at the indicated configuration in Fig. 1 
is > @ smX T /33.012.007.0    
 
 
 
TABLE 1 
D-H PARAMETERS 5-DOF  SPATIAL MANIPULATOR
Link Si(m) 
Di 
(m)
iD  iT  
1 0.05 0.45 -90Deg 1T
2 0.05 0.32 90Deg 2T
3 0.05 0.18 90Deg 3T
4 0.05 0.12 0 4T
5 0.05 0.08 -90Deg 5T
 
 
TABLE 2 
CONFIGURATION AND PARAMETERS OF THE  SYSTEM AT FAULT 
TIME 
Joint Joint angles
Joint 
Velocity 
(Rad/Sec) 
Contribution of the 
joint into the 
velocity EEF 
1 10 0.05 0.19 
2 30 0.40 0.89 
3 25 0.20 0.28 
4 65 0.10 0.09 
5 0 0.30 0.11 
 
 
In this case study all five possible scenarios of single joint 
failure are considered and the results are provided.  
 
A. Scenario 1:  First Actuator Fault  
 
If the first joint fails then the Jacobian of the system at fault 
time is: 
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08.020.009.033.009.0
00.000.026.006.085.0
00.000.004.042.018.0
G   
  
Assuming a locked fault at the first joint results in following 
reduced matrix and the column vector associated to the failure 
 
»
»
»
¼
º
«
«
«
¬
ª


 
08.002.009.033.0
00.000.027.006.0
00.000.004.041.0
1G      
> @TG 09.085.018.01         
 
Then the compensating joint (actuator) is  
 
11
†11 )(~ uGGU opt   
> @ToptU 05.013.015.004.0~1   Rad/Sec 
 
And the optimal joint velocities are   
 
> @ToptU 05.013.015.004.000.0~   Rad/sec.  
 
The error of this mapping is sec/0mY  '   and therefore the 
fault is fully tolerated.  
 
B. Scenario 2, 3, 4, 5:  Other Actuator Faults  
 
Four other scenarios of single joint faults can be studied 
from joint number 2 to joint number 5. Table 3 indicates the 
required change into joint velocities to tolerate the 
corresponding joint failure. All have been calculated with the 
same strategy as scenario 1. It is interesting to see that all the 
failures of single joints are fully tolerated. This happens 
because if one of the columns of G is removed it still remains 
full rank. 
 
 
TABLE 3 
OPTIMAL JOINT VELOCITIES JUMP TO COMPENSATE EEF 
VELOCITY JUMP (Rad/sec) 
Joint No. 2
nd  Joint 
Fault 
3rd  Joint 
Fault 
4th Joint 
Fault 
5th Joint 
Fault 
1 0.54 0.07 -0.03 -0.02 
2 0 -0.05 0.02 0.01 
3 -1.66 0 0.08 0.05 
4 1.41 0.17 0 0.07 
5 0.56 0.07 0.04 0 
Velocity 
jump 0.00 m/s 0.0m/s 0.00 m/s 0.00 m/s 
 
 
These scenarios validate the mapping as all result to a zero 
velocity jump. 
 
V.  SIMULATION STUDY 
A. Simulation Scenario and parameters 
To validate the framework for a whole output profile of a 
system the fault tolerant operation of the 5DOF spatial 
manipulator with D-H parameters in Table 1 is simulated in 
this section. The work space trajectory begins at 
> @ mR Ts 0.1000.1501.150  and ends at 
> @ mR Td 0.322-0.3930.776 . The workspace trajectory is 
indicated in Fig. 1. The corresponding joint-angle trajectories 
are shown in Fig. 2. The designed trajectory is based on a 
trajectory design function from the Matlab Robotics Toolbox.  
 
Two simulations have been developed to compare the 
joint angles for maintaining the EEF’s trajectory. The first 
simulation is based on a system with healthy actuator and the 
second is with faulty actuator. It is assumed that the fault 
comes from the lock within the actuator of the third joint of 
the manipulator.  The objective of the simulation is to 
compare the output and velocity of the output trajectories for 
the healthy system and faulty system. The proposed frame 
work deployed to minimize the difference between these two 
velocities. 
 
 
 
 
B. Simulation Results and discussion 
In the simulations, the 3rd joint is locked at 50th second of a 
100 sec motion of the manipulator. Assuming that the system 
is required to maintain the same workspace trajectory as is 
shown in Fig. 1; the required joint velocity commands to 
compensate the third joint failure were computed and 
dynamically applied for the other joints to maintain the 
velocity all along the manipulator trajectory. The mapping has 
minimised the velocity jump of EEF for the trajectory after 
50th second. The new joint trajectories are indicated in Fig. 3. 
Form comparing the Fig. 3 by Fig. 4 it is understood that the 
third joint has failed after 50th second as it remains on nearly  
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Fig. 1. Trajectory with healthy actuators 
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12 Degrees, but instead the other four joints have been slightly 
changed in the way that the velocity remains the same with 
healthy manipulator.  For example for the healthy manipulator 
trajectory the fifth joint is not contributing to the trajectory 
while for the faulty manipulator in contributes by changing up 
to 4 Degree. 
Then based on the new joint velocities the velocity of the EEF 
of the faulty manipulator was compared to the velocity of the 
EEF of the healthy manipulator. Fig. 4 compares the velocity 
of the output for two simulations. These two velocities are 
presented on the top graph of Fig. 4, and the difference 
between them is almost zero as it is indicated in bottom graph 
of Fig. 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
   
Fig.2 . Joint trajectories for the indicated  
trajectory in Fig.1. 
    Fig. 3. Manipulator new joint trajectory  
as the 3rd joint locked at 50sec 
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Fig. 4. EEF velocity for simulations the healthy  
and the faulty manipulators (top graph) 
and the velocity jump (Bottom graph) 
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The result of the study for all scenarios with a single joint 
failure indicates that the mapping is a suitable tool and the 
having a zero jump is valid because in all scenarios the 
reduced Jacobian matrices remain full rank. Therefore the 
Eq.(23) has an exact solution and the jump into the velocity of 
the EEF has been fully resolved under the mapping. 
 
 
I. CONCLUSION 
Optimal mapping of output velocity jump for static nonlinear 
systems to compensate the effect of one locked actuator 
failure was derived. The provided mapping gives an optimal 
input reconfiguration to maintain the output profile of the 
static non linear system. The concepts and mathematical 
properties of the derived mappings were discussed. Then the 
proposed method was validated through different fault 
scenarios for instantaneous redistribution of the joint 
velocities for a 5DOF manipulator. All the scenarios resulted 
into a zero velocity jump. Finally it was applied for a 
simulation for a trajectory profile of a 5DOF manipulator and 
the fault tolerant operation was observed and the results were 
presented. 
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